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. ( ) 2 $\Omega_{2}$ ,
– $L_{2}u^{(2)}=f^{(2)}$ . .
, 2 1 . , $L_{2},$ $L_{1}$ , $p$ , I
, , . $H_{1}(=P_{1^{-1}}Q_{1}),$ $H_{2}(=$
$P_{2}^{-1}Q_{2})$ , , $m_{1},$ $m_{2}$ . $L_{1}$
$\Omega_{1}$ , (Discretization coarse grid approximation; DCA)
. , $p=cr^{T}$ ( $c$ ), $P_{2}=P_{1}^{T},$ $m_{1}.=m_{2}=m(\geq 1)$






$u=u-pL_{1}^{-1}r(L_{2}u-f)$ $//\mathrm{c}\mathrm{o}\mathrm{a}\mathrm{r}\mathrm{s}\mathrm{e}$ grid correction
$u=H_{2}^{m_{2}}u+ \sum_{i=0}^{m_{2}-1}HiP_{2^{-}}1f2$ $//\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{t}$ -smoothing
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1 1
$- \frac{d^{2}u(x)}{dx^{2}}=f(x)$ with $u(\mathrm{O})=0,$ $\frac{du(1)}{dx}=0$ (3)
MGCG . -




$\backslash$ $-11/$ $\backslash u_{N}/$ $\backslash f_{N}/$
. , $h= \frac{1}{N},$ $u_{i}=u( \frac{i}{N})$ , $f_{i}=f( \frac{i}{N})$ . $N$ .
3.1
$P= \frac{1}{\omega}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(L_{2})$ , $Px^{i+1}=Qx^{i}+f$ $x^{0}$
. $Q=P-L_{2}$ , $P^{-1}Q$ . ,
, $\alpha_{i}=(\frac{1}{2}+i)\frac{\pi}{N}(i=0,1,2, \cdots, N-1)$ ,
$P^{-1}Q\nu_{i}=(1-\omega+\omega\cos\alpha_{i})\nu i$ (5)
. $\nu_{i}=$ $(\sin\alpha_{i}\sin 2.\alpha_{i}... \sin N\alpha i)^{T}$ . (5) $0<\omega\leq 1$
. .
\tau - , $\alpha_{i}=(1+i)\frac{\pi}{N}(i=0,1,2, \cdots, N-2)$ , $N-i-1$
$N-i-2$ .
11 , $m$ $.MG$
1
$1- \frac{1-\cos\alpha_{i}}{\supset}‘(1-\omega+\omega\cos\alpha_{i})2m-\frac{1+\cos\alpha_{i}}{\cap}(1-\omega-\omega\cos\alpha_{i})^{2m}$
2 $\iota^{-}$ . $–$ —–. 2 $\backslash ^{-}$ $-$ $-arrow—\iota/$
. 1 $N/2$ .
$P$ , 2 (2) $M$ . $P^{-1}L=P^{-1}(P-Q)=$
$I-P^{-1}.Q$ , (2) 1 $\nu_{i}$ ,
$1-(1-\omega+\omega\cos\alpha_{i})2m$
. (6)
. , 1 $r$ $P$ $k\in\Omega_{1}$ , $[r]_{k}= \frac{1}{4}[121],$ $p^{T}]_{k}= \frac{1}{2}[121]$
, $r\nu_{i}^{(2)}$ $=$ $\frac{1+\cos\alpha}{2}\nu_{i}^{(1)}$ $\nu^{(2)},$ $\nu^{(1)}$ $\Omega_{2}$ , $\Omega_{1}$ , $\nu^{(1)}$ $=$
$(\sin\alpha^{(1)}i\sin 2\alpha_{i}^{(1})$ . . sin $N\alpha_{i}^{(1)})^{\tau},$ $\alpha_{i}^{(1)}=(\frac{1}{2}+i)\frac{2\pi}{N}(i=0,1,2, \cdot. . , N/2-1)$
$\nu_{N-i-1}^{(1)}=-\nu_{i}^{(1)}$ . ,
$P_{1}^{-1(2)}rQ2\nu_{i}=2(1-\omega+\omega\cos\alpha_{i})(1+\cos\alpha_{i})\nu^{(}i1)$ (7)
. , $\alpha_{N-i-1}=-\alpha_{i}+\pi$ ,
$\sin\dot{\gamma}\alpha_{Ni-1}^{(}(2)-=\{$
$\sin i^{\alpha_{i}^{(2)}}$ , j
$-\sin j\alpha_{i}^{(2)}$ ,
(8)







. , (6), (7), (9) ,
$B\nu_{i}$ $=$ $(1- \frac{1-\cos\alpha_{i}}{2}(1-\omega+\omega\cos\alpha_{i})^{2m}\mathrm{I}\nu_{i}(2)$
$- \frac{1-\cos\alpha_{i}}{2}(1-\omega+\omega\cos\alpha_{i})^{m}(1-\omega-\omega\cos\alpha_{i})m\nu N-i-1(2)$ (10)
2
. $\cos\alpha_{N-i}-1=-\cos\alpha_{i}$ , .
$B\nu_{N-i-1}$ $=$ $- \frac{1+\cos\alpha_{i}}{2}(1-\omega-\omega\cos\alpha_{i})m(1-\omega+\omega\cos\alpha_{i})m\nu_{i}^{(}2)$
$+(1- \frac{1+\cos\alpha_{i}}{2}(1-\omega-\omega\cos\alpha_{i})2m)\nu_{N}^{(}2)-i-1$ (11)
, $B$ $\mathrm{S}_{\mathrm{P}^{\mathrm{a}\mathrm{n}}}(\nu_{i}, \nu_{N-i-1})$ , $k_{1}\nu_{i}+k_{2}\nu_{N-i-1}$ ,
$\lambda$ , ..
$B(k_{1}\nu_{i}+k_{2}\nu_{N-i-1})=\lambda(k_{1}\nu i+k_{2}\nu N-i-1)$ (12)
. , (10), (11), (12) $\lambda$ .
$\lambda^{2}-(2-\frac{1-\cos\alpha_{i}}{2}(1-\omega+\omega\cos\alpha_{i})^{2m}-\frac{1+\cos\alpha_{i}}{2}(1-\omega-\omega\cos\alpha i)^{2m})\lambda$




1 . $\omega=1$ , , 1
$1-\cos^{2m}\alpha_{i}$ , $Narrow\infty$ $1-\cos^{2m}\alpha_{i}arrow \mathrm{O}$ robust .
$m=1$ , .
1 $m=1$ , $MG$ 8 , $\omega=\frac{2}{3}$ .





. , $\omega=\frac{2}{3}$ , 9/8 I
2 $m=1,$ $\omega=\frac{2}{3}$ , 2 MGCG 2 .
$\omega=\frac{2}{3}$ , $\lambda=\frac{8}{9},1.1$
$[3, 7]$ (rough wavenumber set)
$\omega$ , 1 1/9 , 2
– .
.
2 1 , $m$
2 1 $1-(1-\omega)^{2m}$
$1- \frac{1-\cos\alpha_{i}}{2}(1-\omega+\omega\cos\alpha_{i})^{2m}-\frac{1+\cos\alpha_{i}}{2}(1-\omega-\omega\cos\alpha i)^{2m}$ ,
. $\alpha_{i}=(i+1)\frac{\pi}{N},$ $i=0,1$ , . . . , $\frac{N}{2}-2,1$ $N/2$ .
$\nu_{i}=$ $(\sin\alpha_{i}\sin 2\alpha_{i}. . . \sin(N-1)\alpha_{i})^{T}$ , $i=0,1$ , . . . , $\frac{N}{2}-2$ 1
1
$1- \frac{1-\cos\alpha_{i}}{2}(1-\omega+\omega\cos\alpha_{i})^{2m}-\frac{1+\cos\alpha_{i}}{2}(1-\omega-\omega\cos\alpha i)^{2m}$









. $P$ , $P^{T}$ .
(BR-GS) . , .
3 RB/BR-GS / 2 1
.






$P_{l-}^{-1}rQ_{\iota^{\nu_{i}^{(2)}}}1= \cos\alpha_{i}(1+2\cos 2\alpha i)\nu-i(1)\cos\alpha_{i}(1-2\cos^{2}\alpha_{i})\nu\frac{(1N}{2})-i-1$ (19)
.
$B\nu_{i}$ $=$ $(1- \frac{\cos^{3}\alpha_{i}}{2})\nu_{i}-\frac{\cos^{3}\alpha_{i()}1-\cos\alpha_{i}}{2(1+\cos\alpha_{i})}\nu_{N-i-1}$ (20)
$B\nu_{N-i-1}$ $=$ $\frac{\cos^{3}\alpha_{i}(1+\cos\alpha_{i})}{2(1-\cos\alpha_{i})}\nu_{N-i-1}(1+\frac{\cos^{3}\alpha_{i}}{2})\nu_{i}$ (21)
. $B$ $k_{1}\nu_{i}+k_{2}\nu_{N-i-1}$ , $\lambda$ $\lambda$
2
$\lambda^{2}-2\lambda+1=0$ (22)
. , $\lambda=1$ .I
3 , RB-GS 2 ,
.
3 RB/BR-GS / $MG$
.
3 , 2 . $i$ MG ,
3 $i+1$ MG . MG . I




$-( \frac{\partial^{2}}{\partial x^{2}}+\frac{\partial^{2}}{\partial y^{2}})u(x, y)=f(x, y)$ in $\Omega=(0,1)\cross(0,1)$
with $\{$
$u=0$ on $x=0$ or $y=0$
$\frac{\partial u}{\partial n}=0$ on $x=1$ or $y=1$ (23)
4
. $\Omega$ $N\cross N$ 3 ,
$\frac{1}{h^{2}}$
. $\partial/\partial n$ , $h=$ . $N$ . $-$
4.1









. $x$ $–$ , $\Omega_{1}$ ,
$k\in\Omega_{1}$
..
$[L_{1}]_{k}= \frac{1}{4h^{2}}$ , $[P_{1}^{-1}Q_{1}]k= \omega[\frac{1}{10}$ $\frac{1}{\omega}1\frac{}{5}\frac{2}{5-,2}$ $\frac{1}{10}]$ (25)
. $P$ $r$ 1 .
4 $A=1- \omega+\frac{\omega}{2}\cos\beta_{j},$ $B= \frac{\omega}{2}\cos\alpha_{i}$ .
2 $2\cross 2$ .
$C_{i\mathrm{j}}=$ (26)
, $i=0,1$ , $\cdot$ . . , $\frac{N}{2}-1,$ $j=0,1$ , $\cdot$ . . , $N-1$ ,
$c_{00}$ $=$
$1-(A+B)2m+ \frac{2}{5}.\frac{(1-\frac{\cos\alpha.+\cos\beta j}{2})(1+\cos\alpha i)^{2}}{1-\frac{\cos 2\alpha.+4\cos\beta_{j}}{5}}.(A+B)^{2m}$
.
$c_{10}$ $=$
$- \frac{2}{5}.\frac{(1-\frac{\cos\alpha.+\cos\beta j}{2})(1-\cos^{2}\alpha_{i})}{1-\frac{\cos 2\alpha_{t}+4\cos\beta}{\mathfrak{H}}}.(A+B)m(A-B)m$




$1-(A-B)2m \frac{2}{5}\frac{(1-\frac{-\cos\alpha_{i}+\cos\beta j}{2})(1-\cos\alpha_{i})^{2}}{1-\frac{\cos 2\alpha_{i}+4\cos\beta_{j}}{5}}+(A-B)^{2m}$
.
$i=0,1$ , $\cdot$ .. , $\frac{N}{2}-1,$ $j=0,1$ , $\cdot$ . ’ $N-1$ , $r \nu_{i}^{(2)}j=\frac{1+\cos\alpha}{2}\nu_{ij}^{(1)}$ .
$P_{1}^{-1}rQ2 \nu ij(2)=\frac{4}{5}(1-\omega+\frac{\omega(\cos\alpha i+\cos\beta_{j})}{2})(1+\cos\alpha_{i})\nu_{ij}(1)$ (27)
. $\alpha_{N-i-1}=-\alpha_{i}+\pi$ ,




$.=^{v}v \in>a\frac{\omega}{\omega}$ $. \frac{\approx v}{.\frac{w}{v}\omega>\alpha\approx}$
1. 2 - , 2. 2
2 , 2
, $p\nu_{ij}^{(}1$ ) $\nu_{ij}^{(2)}$ $\nu_{Ni1,j}^{(2)}--$ ,
$p\nu_{i}^{(1)}\mathrm{j}$ $=$
$\cos\alpha_{i}\frac{\nu_{ij1,j}^{(2)(2)}+\nu N-i-}{2}+\frac{\nu_{ij1,j}^{(2)(2)}-\nu N-i-}{2}$




$B\nu_{ij}$ $=$ $k= \sum_{0}^{2m-1}\{1-\omega+\frac{\omega(\cos\alpha_{i}+\cos\beta_{j})}{2}\}^{k}\omega(1-\frac{\cos\alpha_{i}+\cos\beta_{j}}{2})\nu_{ij}$
$+ \omega(1-\frac{\cos\alpha_{i}+\cos\beta_{j}}{2})(1-\omega+\frac{\omega(\cos\alpha_{i}+\cos\beta_{j})}{2})^{m}\frac{4}{5}(1+\cos\alpha_{i})$
$\cross\frac{1}{\omega(1-\frac{\cos 2\alpha.+4\cos\beta_{\mathrm{j}}}{5})}.\{\frac{1+\cos\alpha_{i}}{2}(1-\omega+\frac{\omega(\cos\alpha_{i}+\cos\beta_{j})}{2})^{m}\nu_{ij}$
$- \frac{1-\cos\alpha_{i}}{2}(1-\omega+\frac{\omega(-\cos\alpha i+\cos\beta_{j})}{2})m\nu N-i-1,j\}$
$=$ $\{1-(A+B)2m+\frac{2}{5}.\frac{(1-\frac{\cos\alpha_{*}+\cos\beta_{j}}{2})(1+\cos\alpha i)^{2}}{1-\frac{\cos 2\alpha_{i}+4\cos\beta_{j}}{5}}(A+B)2m\mathrm{I}^{\nu_{ij}}$
$- \frac{2}{5}\frac{(1-\frac{\cos\alpha_{i}+\cos\beta}{2})(1-\cos^{2}\alpha_{i})}{1-\frac{\cos 2\alpha_{i}+4\cos\beta}{5}}(A+B)m(A-B)m\nu_{Ni-1,j}-$
I
1 , $\omega$ 1 .
$\text{ }$ $\omega=4/5$ , 9/25 .
.
4.1.2
.2 $x$ , $y$
. $P$ $r$ $k\in\Omega_{1}$
$[r]_{k}= \frac{1}{16}$ , $\lceil p^{\tau}]_{k}=[\frac{}{4}\frac{}{\not\in}\frac{1}{:}$ $\frac{}{2}\frac{1}{2,11}$ $\frac{\frac{1}{:}}{\frac{\not\in}{4}}]$ (30)
6
. $i,$ $j=0,1$ , $\cdot$ . . , $\frac{N}{2}-1$
$P_{1}^{-1}rQ2 \nu_{ij}(2)=(1-\omega+\frac{\omega(\cos\alpha_{i}+\cos\beta_{j})}{2})(1+\cos\alpha_{i})(1+\cos\beta i)\nu^{(}ij1)$ (31)
$\gamma_{\zeta Z)}‘..\cdot$ $p\nu_{ij}^{(1)}$ $\nu_{ij}^{(2)},$ $\nu_{Ni1,j}^{(2)}--,$ $\nu_{i,N-}^{(2)}j-1’\nu_{N-}^{(2)}i-1,N-j-1$ 4 ,




$(1- \frac{\cos\alpha_{i}+\cos\beta j}{2})(1-\omega+\frac{\omega(\cos\alpha\dot{.}+\cos\beta_{\mathrm{j}})}{2})^{m}(1+\cos\alpha i)(1+\cos\beta j)$








$k_{4}\nu N-i-1,N-j-1$ , $\lambda$
$B(k1\nu ij+k_{2}\nu N-i-1,j+k3\nu i,N-j-1+k4\nu_{Ni}--1,N-j-1)=$
$\lambda(k_{1}\nu_{ijji}+k2\nu N-i-1,+k_{3}\nu,N-j-1+k4\nu_{Ni}--1,N-j-1)$ (33)
. (32), (33) , $4\cross 4$ .
$=\lambda$ (34)
, $c_{ij},$ $(i, j=1,2,3,4)$ . $\omega$ ,
2 . $\omega$ ,




5RB-GS 2 1 .
$\lambda^{2}+(-2+A^{2}+B^{2}-\frac{A^{2}(1-A^{2})(1+A2-B^{2})^{2}}{4(1-A^{2}-B^{2})}-\frac{B^{2}(1-B^{2})(1-A^{2}+B^{2})^{2}}{4(1-A^{2}-B^{2})})\lambda$
$+(1-A2)(1-B2) \{1+\frac{A^{2}(1+A^{2}-B^{2})^{2}}{4(1-A^{2}-B^{2})}+\frac{B^{2}(1-A^{2}+B^{2})^{2}}{4(1-A^{2}-B^{2})}\}$ $=$ $0$ (35)








$P^{-1}Q \nu_{ij}=\frac{\cos\alpha_{i}+\cos\beta j}{2}\frac{\nu ij+\nu_{N-}iarrow 1,N-j-1}{2}+(\frac{\cos\alpha_{i}+\cos\beta j}{2})^{4}\frac{\nu_{ij^{-\nu_{N-i-}}1},N-j-1}{2}$ (36)
. ,
$P_{1}^{-1}rQ_{2ij}\nu$ $=$ $\frac{A(1+A^{2}-B^{2})}{2}(2+\frac{\cos 2\alpha_{i}+\cos 2\beta_{j}}{2})\nu_{ij}^{(1)}$
$A(1+A^{2}-B^{2})\cos 2\alpha_{i}+\cos 2\beta j$ (1) (37)$- \nu_{\frac{N}{2}-i-}\overline{2}\overline{2}1,\frac{N}{2}-j-1$





, $4\cross 4$ . , $C$ ,
$I$ , rank$(c-I)=2$ , 1
. $C$ .
$( \lambda-1)^{2}\{\lambda^{2}+(-2+A^{2}+B^{2}-\frac{A^{2}(1-A^{2})(1+A2-B^{2})^{2}}{4(1-A^{2}-B^{2})}-\frac{B^{2}(1-B^{2})(1-A^{2}+B^{2})^{2}}{4(1-A^{2}-B^{2})})\lambda$
$+(1-A2)(1-B2) \{1+\frac{A^{2}(1+A2-B^{2})^{2}}{4(1-A^{2}-B^{2})}+\frac{B^{2}(1-A^{2}+B^{2})^{2}}{4(1-A^{2}-B^{2})}\}\}$ $=$ $0$ ,
$i,j=0,$ $\cdots,$ $\frac{N}{2}-1$ 1
1 .







$B$ , $\lambda$ . $f(\lambda)$ (35) 2 . 4
, 0.85 1 . 5 $f(1)\geq 0,$ $f( \frac{3}{4})\geq 0$
. $3/4\leq\lambda\leq 1$ 1 .
4/3 .
5 MGCG
$-$ $Ax=b$ . $k$ $x^{k}$ ,
$K^{k}(A;r_{\mathit{0}})=\mathrm{s}_{\mathrm{P}^{\mathrm{a}\mathrm{n}}}(r0, Ar_{0,0,\ldots,\mathit{0}}A2rAk-1r)$ $e_{k}^{T}Ae_{k}=||e_{k}||_{A}^{2}$ ( A- )
. $e_{k}=\hat{x}-x_{k}$ , $\hat{x}=A^{-1}b$ . ,




$\pi_{k}^{1}$ tf $P_{k}(0)=1$ $k$ , $S(A)$ $A$ ( ) .
$\min_{\mathrm{P}_{k}\in\lambda s_{(A}}\pi_{k}^{1}\max\in$) $|P_{k}(\lambda)|$ ,
. 3 , 4 $\mathrm{M}\mathrm{G}$ ,
.
$\min_{P_{k}\lambda_{\mathrm{n}1}}\in\pi_{k}^{1\max}\mathrm{i}_{1}.\leq\lambda\leq\lambda_{\max}|P_{k}(\lambda)|$ (40)
. $a=\lambda_{\min},$ $b=\lambda_{\max}$ . $P_{k}$ $T_{k}$
.
$\min_{P_{k}\in\pi_{k}^{1}}\max_{a\leq\lambda\leq b}|P_{k}(\lambda)|=\max\frac{|T_{k}(\frac{b+a-2x}{b-a})|}{T_{k}(\frac{b+a}{b-a})}$ , (41)
.
$T_{k}(x)= \frac{1}{2}\{(x+\sqrt{x^{2}-1})^{k}+(x-\sqrt{x^{2}-1})^{k}\}$ (42)







, ( ) $(_{1+}2\neg_{C^{2}})\mathrm{r}1$ , ( ) $c$
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. $45^{\mathrm{o}}$ MGR
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